Foundations Test Two

1. Let f: A — B be a function and let S,7 C A. Prove that f(SNT) C f(S)n f(T).

Proof. Let b € f(SNT). Then there is a € SNT with f(a) = b. Now since a € S,
b= f(a) € f(S). Alsosince a € T, b= f(a) € f(T). Thus f(a) € f(S)N f(T). O

2. Let S = {a,b,c}. Write down all elements of P(X)?

o0

o {a}
o {b}
o {c}
e {a,b}
e {a,c}
e {bc}
oS



3. Consider the Cayley table for the operation * below:

—~
&
~

xla b ¢ d e
alb e d a ¢
bl|d e d b ¢
cle d b ¢ a
d|la b ¢ d e
elc a b e d

Is * commutative? (why or why not?)

No, axb=e and b*a = d. If x was commutative these would be equal.

Is * associative? (why or why not?)

No, (axb)*c=exc=0bbut ax (b*c) =ax*d=a. If x was commutative these
would be equal.

Is there an identity element for %7 (why or why not)?

Yes, d is an identity element because zxd = x and dxx = x for all x € {a,b, ¢, d, e}.

Which, if any, elements of the set {a, b, ¢, d, e} have inverses?

a has no inverse since a xc =d but cxa # d and bxa =d but axb=e.
bxc=c*b=d so b and c are inverses.

dxd=d so d is its own inverse.

e* e =d so e is its own inverse.



4. Let 0 = (134 5) and 7 = (2 5 3) be elements of S;. Compute o7 and 7o (write your
answers in cycle notation).

or=(1345)(253)=(132) (45)
To=(253)(1345)=(125)(34)

5. Consider the following function f from {1,2,3,4,5} to {1,2,3,4,5}:

z |1 2 3 4 5
f@) |4 5 1 3 2

Write f in cycle notation.

f=(143)(25)



6. Let & be a binary operation on a set S. Prove that there can be only one identity
element of <». (Suppose that s and e are both identity elements. Prove that s = e.)

Proof. Suppose that s and e are both identity elements. Since s is an identity element,
s{e = e. But e is an identity element so s{e = s. Thus we have e = s{s = s. O

7. Let f: A — Cand g : B — D be functions. Define h : A x B — C x D by
h((a,b)) = (f(a), g(b)). Prove that if f and g are onto then h is onto as well.

Proof. Let (¢,d) € C x D. Since f is onto there is a € A with f(a) = ¢, and since g is
onto there is b € B with ¢g(b) = d. Then h((a,b)) = ((f(a), g(b)) = (¢,d), and hence h
is onto. U



8. Define the relation ~ on N>, as follows: m ~ n if whenever any number & divides m
then it is the case that k also divides n. Prove that ~ is a partial order relation on
Ns>o. (By N>y we mean {n € Njn > 2}. You are free to use, without proof, the basic
facts about divisibility that you know from grammar school, even though we’ve only
proved some of these in class.)

Proof. Let n € Nsy. Clearly any k£ that divides n divides n, so n ~ n, and ~ is
reflexive.

Now let m,n € N>y with m ~ n and n ~ m. Then since m ~ n and m|m it must be
the case that m|n. But since n ~ m and n|n it must be the cast that n|m. At this
point we now have m|n and n|m, implying that m = n and ~ is antisymmetric.

Finally let ¢,m,n € Nso with £ ~ m and m ~ n. Let k divide ¢. To see that ~ is
transitive we must show that k& divides n. Now since ¢ ~ m and k|¢ we have that k|m.
But now since k is a factor of m and m ~ n it follows that k|n as desired, and hence
~ is transitive. U

9. Let f : A — B be a function and let S C A. Prove that f~(f(S)) € S. Give a
counterexample to show that the reverse containment need not be true.

Proof. Leta € f~(f(5)). Then f(a) € f(S5). Nowif a € S we would have f(a) € f(5),
contradicting the fact that f(a) € f(S), and so it follows that a € S. O

For a counterexample to the reverse containment consider the following situation:

A={1,2,3}, S={1}, B={a,b}, f(1)=a, f(2)=0b, f(3) =b.
Now f(S) = {b}, so f(S) = {a}. Then f~(f(S)) = f~({a}) = {1}, but S = {1,2},
which is not a subset of {1}. O



