(1) Let V be the collection of polynomials with coefficients in Q in the variable s of
degree at most 5. Prove that V is a vector space over Q of dimension 6 with basis
{1, z,2% 23, 2%, 2%}. Prove that {1,1+xz, 1+x+2* 1+z+2>+ 23 1+o+22+ 23+
ot 14+ 2+ 2% + 23 + o' + 25} is a basis for V as well.

Proof. We know that the polynomials with degree at most 5 form a commutative
ring under addition. Let

p(x) = ap + a1 + asx® + azr® + agz’ + azz®

and
q(z) = by + byx + box® + bsx® + bya* + bsa®
where a; € Q and b; € Q for all 0 < ¢ < 5. Let m,n € Q. First we will show that
(m+n)p(x) = mp(z) + np(z). We have
(m +n)p(z) = (m +n)ag + (m +n)az + (m + n)asx® + (m + n)asz®
+ (m + n)agz* + (m + n)asz®

= mag + nag + ma1x + nar + ma2x2 + na2x2 + magxs + na3x3

+ magxt + nasxt + masx® + nasa®
= map + max + ma2x2 + magac?’ + ma4x4 + ma5x5 + nag + naix
+ nasz? + na3x3 + nagzt + na5x5
= mp(x) + np(x).
So the first distributive law holds. The next distributive law is m(p(z) + q(z)) =
mp(z) + mq(z). We have
m(p(z) + q(z) = m(ag + a1z + agx® + aza® + ayz* + asx® + by + by
+ byx? + bax® + byx? + bsa®)
= mag + maix + ma2x2 + magw?’ + ma4x4 + ma5x5 + mby
+ mbyx + mbox? + mbsx® + mbyx* + mbsz®
= mp(x) + mq(z).
So the second distributive law holds. Now we only need to show that (mn)p(x) =
m(np(x)). We have
(mn)p(x) = (mn)ag + (mn)ayz + (mn)agz® + (mn)asz® + (mn)agz* + (mn)asz®
= m(nag) + m(na;z) + m(nayz®) + m(nazz®) + m(nasx) + m(nasz®)

= m(nag + na1x + nayx? + nasz® + nagx* + nasz®)

= m(np(z)).



Thus this is a vector space over Q. Let p(z) € V. Then p(x) is a polynomial of
degree at most 5. So there exists a; € Q for 0 <7 < 5 such that
p(z) = ag + a1z + ax® + aza® + agxt + asz®

by definition of a polynomial of degree at most 5. It is easy to see that this is a linear
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combination of {1,z,2? 3 2% 25}. Thus this set spans V. Consider

bol + by + box? + bya® + by + bsa® = 0.

where b; € Q. Thus we have a polynomial equal to the zero polynomial. By definition
of the zero polynomial, b; = 0 for all 7. Hence this set is linearly independent, and
thus a basis for B. Since V is a vector space and we have a basis of degree 6, V' has
dimension 6.

Once again, we will let p(z) € V such that

p(z) = ag + a1x + asx® + asx® + agx* + asa’.

We let b5 = a5 and b; = a; — a;,1 for all 0 <7 < 4. Then we have

p(z) = ag + a1z + asr® + asx® + agxt + asa®

= (bo + by + by + by + by + bs) + (by + by + bs + by + bs)x
+ (b + b3 + by + bs)a® + (b3 + by + bs)a® + (by + bs)x* + bsa®
=bo(1) + b1(1+z) + bo(1 + 2 +2%) + by(1 + 2 + 2* + 2°)
+bs(1+a+2* +2° + 1Y) +bs(1 + 2 + 2 + 2° + 2" + 2°).
Hence p(z) can be written as a linear combination of the set {1,1+z,1+z+ 2 1+
v+ + 2 1+ e+ a2+ a3+ a2t 1+ o+ 22+ 23+ 2t + 25}, So this set spans V.
Now suppose we have
ao(1) + ay (14 x)+as(1 + = + 2?) + as(1 + = + 2° + %)
+as(l+o+22 +2% +aY) +as(1+z+ 22+ 25+ 2"+ 2°) = 0.
Rearranging terms gives
(ap + ay + as + asz + ag + as) + (a1 + as + ag + a4 + as)x
+ (ag + az + as + az)x* + (a3 + ag + as)2® + (ag + as)z" + asz° = 0.
By definition of the zero polynomial, all of the coefficients must be zero. So the
coefficient of 2° must be zero. Hence as = 0. Similarly, 0 = a4 + a5 = a4 + 0. So

as = 0. Similarly, we get that a; = 0 for all 7, Hence this set is linearly independent.
Thus this is a basis for V. OJ

(2) In class we proved the theorem: dim(V') = dim(W) + dim(V /W) where w is a sub-
space of V', and deduced the corollary: if f: V — W then dim(V') = dim(ker(f)) +
dim(Im(f)). Prove this in reverse, that is, prove (without appeal to the theorem
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above) theorem: that if f : V — W then dim(V') = dim(ker(f)) + dim(Im(f)) and
deduce corollary: if W <V then dim(V') = dim(W) + dim(V/W).

Proof. Suppose that f: V — W is a linear transformation. Since ker f is a subspace
of V, ker f has a basis X = {l1,ls,...,l,,} which can be extended to form a basis
of VY = {l1,ls,. .., Ly Vms1, .-, 0n}. Since l; € ker f for all i < m, f(l;) = 0 for
all ¢ < m. Also, f(v;) € image(f) and f(v;) # 0 for all i > m, since v; € V and v;
is not an element of ker(f). We now show that Z = {f(vu11),..., f(vn)} is a basis
for image(f). To show that Z spans image(f), let w € image(f). Thus, there exists
some v € V such that f(v) = w. Since Y forms a basis for V|

v=2ax1ly +x2ly + -+ Tl + T 1V + -0+ 20,
for some scalars x1, xs, ..., x,. By substitution,
w= f(v) = f(xily + xalo + - - + Tl + Tins1Vme1 + -+ - + T Uy)
=z f(l) + 22f(l2) + - + T f (ln) + Tinsr f (V1) + -+ + T f ()

= T f (V1) + oo @ f(0n)

Thus, w can be written as a linear combination of the vectors in Z. So Z spans
image(f). To show that Z is linearly independent, suppose that

Tt f (Umg1) + -+ + @ f(on) =0
for some scalars x,,,1,...,x,. Since f is a linear transformation,
Trn1 f (Umsr) + -+ T f(Vn) = f(@m1Vmpr + - + Tpvp)
Thus, Ty 1Ume1 + -+ + X0, € ker(f), so
Tmat1Uma1 + -+ Tpvy = 1y + 22ls + ... 2l

for some scalars x1, xa, ..., Ty, since X is a basis for ker(f). Rearranging the equa-

tion, we see that

—r1l — 2ol — - = Tl + T 1V + -0+ Tty =0
Since Y is linearly independent, this implies that —xy = -2y = --- = —x,, =
Tme1 = -+ = 2, = 0. Thus, 2,011 = --- = 2, = 0, so Z is linearly independent.

Therefore Z is a basis for image(f). Since dim(ker(f)) is the number of vectors
in X, dim(image(f)) is the number of vectors in Z, and dim(V') is the number of
vectors in Y, it follows that dim(V) = dim(ker(f)) + dim(image(f)). In the case
where V' < W, consider the natural projection map 7: V' — V/W. This is a linear
transformation with the properties that ker(m) = W and image(w) = V/W. Thus,
dim(V) = dim(W) + dim(V/W') by substitution. O
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Let V be a vector space over a field k and let f: V' — V be a linear transformation.
A non-zero vector v € V such that f(v) = Av for some constant A € k is called
an eigenvector with eigenvalue \. Prove that for a fixed A\ € k the collection of
eigenvectors of f with eigenvalue A\ (together with 6) forms a subspace of V.

Proof. Let N be the collection of eigenvectors of f with eigenvalue A, together with
0. Since 0 € N, we know that N # (. Let 2,y € N. Then we know that flz) =Xz
and f(y) = \y. Let a € k. Then we have

flx+ay) = f(z)+af(y)
= \r + a\y
= \r + \ay
= ANz + ay).
Thus x + ay € N. Hence N is a subspace of V. U

Let ¢ be a linear transformation from a finite dimensional vector space V' to itself (i.e.
¢ : V — V). Prove that there is an integer m such that ker(¢™) Nimage(¢™) = {0}.

Proof. Let z € ker(p') for some ¢ > 0. Then ¢'(z) = 0. Since ¢ is a linear trans-
formation, ¢(0) = 0. Thus, o' (z) = p(p'(x)) = ¢'(0) = 0. So z € ker(p™1).
Therefore ker(¢') C ker(p™™!) for all i > 0. Now, let z € image(¢’). Then there
exists a v € V such that ¢'(v) = z. Also, ¢'(v) = " (p(v)) = z. Since p(v) € V
and ¢ (p(v)) = z, it follows that x € image(p’™!). Thus, image(p’) C image(p'™)

for all 7 > 1. We now have the following scenario:
ker(¢) C ker(p?) C -+ C ker(¢') C ker(p™!) C ...

and
image(y¢) 2 image(¢?) D ...image(¢' ') D image(¢’) D ...

We also know that ker(¢') and image(p’) are subspaces of V for all ¢ > 0. Since V is
a finite vector space, and a subspace of a finite vector space always has dimension less
than or equal to the dimension of the original vector space, there must exists some
m such that ker(¢™) is of largest size and image(¢™) is of smallest size. Thus, for all
k > m, ker(p™) = ker(¢*) and image(¢™) = image(¢¥). Consider k = 2m. Suppose
that o € ker(¢™) Nimage(¢™). This means that there exists some v € V such that
¢™(v) = z and that ¢™(z) = 0. Notice that ©*™(v) = ¢™(p™(v)) = ¢™(z) = 0.
Thus, v € ker(¢*™). Since ker(p*™) = ker(¢™), v € ker(¢™). Thus, z = ™ (v) = 0.
Therefore ker(¢™) Nimage(¢™) = {0}. O

Let V' be the vector space of polynomials with coefficients in QQ in the variable x of
degree at most 5. Determine the transition matrix from the basis {1, z, 2%, 23, 2*, 2%}
to the basis {1, 1+x, 1+z+22, 1+z+22+23, 1+ o+’ + 23+, 1+ x+a2 423+ 2 +25}.



Proof. Consider the matrix

1 -1 0 O 0 O
01 -1 0 0 0
0o 0 1 -1 0 0
0o 0o 0 1 -1 0
o 0 0 0 1 -1
0 0 0 0 1

Suppose p(z) € V is written as a linear combination of the basis {1, z, 2% 23, x4, 2°}.
Then

p(x) = ap + a1 + agx® + azr® + asx* + azz’

where a; € Q. Applying this transition matrix gives

1 -1 0 0 0 O ag ap — aq
0O 1 -1 0 0 0 aq a; — Ao
0 0 1 -1 0 0 az | | a2—as
00 0 1 -1 0 as | | as—ay
0 0 0 0 1 -1 ay as — as
0O 0 0 0 0 1 as as

So we now have

(ap—ay) + (a1 — az)(1 +2)(ag — a3)(1 + 2 + 2%) + (a3 — as) (1 + x + 2° + %)
+(ag —as) (1 + o+ 2° + 2% + 2% +as(1 + z + 2% + 2 + 2" + 2°)
=(ap—a1+a —ay+ays—az+az—ag+ay —as+as)+ (ag —as +as —azg + ag
—ay+ ay — as + a5)x + (ag — az + a3 — ag + ag — as + az)x’ + (a3 — ay
+ay — as + as)z® + (ag — as + as)z* + a5z’

= ap 4+ a1z + axx® + azx® + agzt + asa’.

So we get p(z) written in terms of the other basis. Thus this is the transition matrix
from the basis {1, z, 22, 23, 2%, 25} to the basis {1, 1+ x, 1 +z+ 2%, 1+z+2?+ 2% 1+
r+a?+ad+ a2t 1+ o+ a2+ 2 + 2t + 2%} O

(6) Let V be the vector space of polynomials with coefficients in @Q in the variable x of
degree at most 5. Let d : V — V be the linear transformation of V' to itself given
by the usual differentiation of a polynomial with respect to x (i.e. d(p(x)) = p'(x)).
Determine the matrix of d with respect to the two bases for V' given in the previous

problem.



Proof. With respect to the first basis ({1, z, 2% 23, 2%, 2°}), Consider the matrix

o O O O O O
o O O O O =
O O OO O NN O
O O O w o o
O O =~ O O O
oS ot o O O O

Suppose p(z) € V is written as a linear combination of the basis {1, z, 2% 23, x4, 2°}.

Then
p(z) = ag + a1z + asx® + asx® + agxt + asa®

where a; € Q. Applying this derivative matrix gives

1 -1 0 0 0 0 ao ai
01 -1 0 0 0 a 2a5
00 1 -1 0 0 as | | 3as
O 0 0 1 —-1 0 as | | 4ay
0 0 0 0 1 -1 ay Sas
0O 0 0 0 0 1 as 0

So we now have a; + 2asx + 3azz? + 4ayx® + Sasx?, the derivative of p(x). With
respect to the other basis {1,1+x,1+z+ 2% 1+z+2*+ 23 1+ +2?+23+ a2t 1+
x+ 2%+ 23 + 2% + 25}, we need only transition from the this basis to the first, apply
the derivative matrix, then transition back to the other basis. The following matrix
takes us from the second basis to the first:

—_ = e e e

o O O o o =
o O O O = =
S O O = ==
O O = ==
O R Rk R R -

To show this, suppose p(x) € V is written as a linear combination of the basis
{Li+z,l+z+2?2 14+ +23 1+a+22+ 23+t 1+ o+ 2% + 23 + 2% + 25},
Then

p(z) = agta, (1+1)+ag(1+z+2?) +as(1+r+2°+2°) +ay (1+o+2* +2° +at) +as(1+az+2? 2+ +-2°)



where a; € Q. Applying this transition matrix gives

1 11111 ag ag+ a1+ as + az + aq + as
01 1111 a a1+ as + as + a4 + as
001111 as | as + as + as + as
000111 as B as + a4 + as

0 00O0T11 ay as + as

000 0O01 as as

So we now have

(ap 4+ ay + as + as + ay + as) + (a1 + ag + az + ag + as)x + (ay + a3 + ag + as)r*+

(as + ag + a5)x® + (a4 + as)z* + asz®
=ag+a;+ay+as+ a4+ as+ ar1r + ax + as3xr + a4 + asxr + a2x2 + a3x2 + a4x2 + a5x2+
+asx® + agx® + asx® + agxt + asxt + asa®
=ag+ar(1+x)+ax(l+z+2%) +as(l+z+2°+ 2%

tag(1+ 2+ 22 +2*) +as(1+ oz + 2% + 2% + 2% 4+ 2°)

which was our original polynomial. Combining this matrix with the derivative matrix
and the transition matrix from the previous problem, we arrive at our derivative

matrix in the second basis:

1 -1 0 0 0 0 010000\ /111111
01 -1 0 0 0 002000]]l011111
00 1 -1 0 0 000300]]0o01111
00 0 1 -1 0 000040|]000T1T11
0 0 0 1 —1|looooo05]]0000T11
00 0 0 0 1 000000/\0o0OOOT U1

1 -1 0 0 0 0 011111

01 -1 0 0 0 002222

oo 1 -1 0 0 000333

o o 0o 1 -1 0 000044

00 0 0 1 —-1/]l00000S5

00 0 0 0 1 000000
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01 -1 -1 -1 -1
00 2 -1 -1 —1
oo 0o 3 -1 -1
oo o 0 4 -1
00 0 0 0 5
00 0 0 0 0

O

Let R be commutative and let zM be a cyclic left R-module generated by m. Prove
that Anng(M) = Anng(m). Conclude that M = R/Anng(M).

Proof. Let © € Anng(M). Then we know that xn = 0 for all n € M. Since m € M
we know that zm = 0. So z € Anng(m). Thus Anng(M) C Anng(m). Let
x € Anng(m). Then we know that xm = 0. Since M is cyclic, then all n € M can
be written as rm for some r € R. We have that x(rm) = r(xm) = 0. Thus x €
Anng(M). Hence Anng(M) = Anng(m). By a proposition in class, we know that
M = R/Anng(m). Since Anng(M) = Anngr(m), we have that M = R/Anng(M)
by substitution. 0

Prove that if R is commutative and M = Rz and N = Ry are cyclic left R-modules
then M = N if and only if Anng(M) = Anng(N).

Proof. (=) Suppose that M = N. To show Anng(M) = Anng(N), we proceed
by double containment. Let r € Anng(M). Thus, rm = 0 for all m € M. Let
n € N. Since M = N, there exists some isomorphism ¢: N — M. Consider
@(rn). Since ¢ is an isomorphism, ¢(rn) = r(p(n)). Since p(n) € M, ro(n) = 0.
Thus, ¢(rn) = 0. Since ¢ is an isomorphism, ker(¢) = 0, so rn = 0. Thus, r €
Anng(N). Therefore, Anng(M) C Anngr(N). Applying the same argument with M
and N interchanged gives us the other containment, Anng(N) C Anng(M). Thus,
Anng(M) = Anng(N).

(<) Suppose that Anng(M) = Anng(N). Since M = Rm and N = Rn, we
know that M = R/Anng(M) and N = R/Anng(N), by the previous problem. By
Substitution, N = R/Anngr(M) and M = R/Anng(N). Thus M = N. O

Let g M be free with basis {m;} and let g N be any R-module. Prove that for any set
function f : {m;} — N there is a unique R-homomorphism f’ : M — N such that
f'(m;) = f(m;) for all i.

Proof. Define f': M — N as

f'(m) = fllaymy +agma +...) = a1 f(my) + aof(ma) + ...
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This map is clearly well-defined. To show that this is an R-homomorphism, let
a=aymi+ ams+ ... and b = bymy + bymsy + ... be elements of M and let r € R.
Then we have

f'(a+1b) = f(aymy + agmg + + -+ rbymy + rbamg + . ..)
= arf(mi) + asf(ma) + - - +rbif(my) + rbof(ma) + ...
= (@1 fme) + aaf(ma) + .. )+ 1oy fme) +baf () + ...
= f'(a) +rf'(b).
Thus this is a homomorphism. Also notice that f’(m;) = f(m;) for all i. To show

that this is unique, assume that ¢’ : M — N and that ¢'(m;) = f(m;). Let a =
aymy + asms + ... be an arbitrary element of M. Then we have

fla) = arf(mi) + aaf(ma) + ...
Since ¢’ is an R-module homomorphism, we know that
g'(a) = arg'(m1) + azg'(ma) + ...
However, ¢'(m;) = f(m;). So we have that ¢’(a) = f’(a). Thus ¢’ = f’. Hence f is

unique. 0]
Let A be the matrix

-2 3 0

-3 3 0

—-12 12 6

over the integres. Find the Smith normal form for A (hint — start by adding column
2 to column 1).

Proof. First, add column 2 to column 1 to get:

1 3 0
0 3 0
0 12 6

Next, subtract 3 times column 1 from column 2:

1 0 0
0 3 0
0 12 6

Finally, subtract 4 times row 2 from row 3:

1 00
03 0
0 0 6

And we now have the Smith normal form for A. O
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(11)

(12)

Continuing the above problem, find the matrices of P and @) such that QAP is the

Smith normal form.

Proof. Define the matrices

1 -3 0
P=1]11 -2 0
0 0 1
and
1 0 0
Q=10 1
0 -4 1
We can see that QAP is given by
1 0 0 -2 3 0 1 -3 0 1 00
0O 1 0] -3 3 0O 1 -2 01=10 30
0 —4 1 —-12 12 6 0 0 1 0 0 6
which is the Smith normal form. O

Still continuing, if the original basis for G was {g1, g2, g3} and the original set of

generators for K was {k1, ko, k3}, find the new basis and set of generators.

Proof. The right hand matrix

1 =30
1 =2 0
0 0 1

gives us the following relations between the original generators {k1, ko, k3} and the
new generators {ly, l2,l3}:
Iy =k + ks
lo = =3k — 2ky
l3 = ks
Thus, our new generators are {k; + ko, —3k; — 2k, k3} The left hand matrix
1 0 0

0 1 0
0 —4 1
gives us the following relations between the original basis {g¢1, g2, 93} and the new
basis {b1, b, b3 }:
g1 ="
g2 = by — 4b3
gs =bs



Solving for by, be, and bz, we obtain our new basis: {g1, g2 + 493, 93}
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